Appendix D

ANSWERS TO
SOME

| PROBLEMS

1-1. (a) At standard temperature and pressure, a mole of an ideal gas contains
6.022 X 10* molecules (Avogadro's number) and occupies 22.4 liters. Hence,
the number per m® is 6.022 X 10%°/2.94 X 1072 = 2.66 X 10 m™>,

(b) Since PV = NRT, n = N/V = P/RT. Hence n./n, = P, To/PoT,. Taking n,
to be the density in part (a) and #, to be that in part (b), we have

107° 273

_ 19, -3
760 (273 + 20 20X 107 m

#; = (2.69 X 10*%)

Note that a diatomic gas such as H, will have twice as many atems per torr as,
say, He. :

1-2. Consider the integral

I2EI e_"gde. e_’2dy=jj e7 iy dy
—co o —o0

in a two-dimensional space. Transforming to cylindrical coordinates, we have

= ” e rdrdg = 2wj e Trdr
1]

= 'JTJ e dir? = - ele=m

Hence,

I=J e dx =Vnr
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and

o 1/2 seo
1= J f(u)du = A(E) J e—mu2/2KTd[u( m )”Q]
- m e 2KT
/2
_ AI(?KT)
m

A = (m/2eKT)?

1.4,

e

e

b =n(KT, +KT:) = 107'(4 x 10%)(1.6 x 10719

1-5.

d’¢
dx*®

¢ =

1-6. (a)

= 6.4 X 10° N/m? b
l atm = 10°* N/m? # =64 atm
latm =~ 14.7 Ib/in® = (14.7)(144)/(2000) i3
= 1.06 tons/ft*

# = 68 tons/ft*?

e{n; —n,) 1 _ ]
[ LI TN — aele /KT _ egqt,/;(-r’)

€y €p

- @( e | e )
€g KT, KTe

et (1 1

= e— — + [
€ (KT, KT,-)

Ap = (KTie0/NeceD'?

Ap = (KT, eq/nae®)"* i

1
bo e—lxila\n, where —
Ap

T, «T,
IfT,«T,

d'é _ _ng
& dx® €0
Letp = Ax*+Bx + C: ¢’ = 2Ax + B; ¢" = 24.
Atx=0,¢'=0bysymmetry ... B=0 Atx=
+d, ¢ =0; therefore, 0 = Ad*+C and C=
—Ad*. Since
nq 1

"'=24 =2 A=——n
¢ 2 €0 2e, 1

—d and

1
¢ =Ax*—Ad®*= Qan(dg —x%
0




(by Energy to move a charge ¢ from x, to x, is change in potential energy 371

= — ). Letg, =0atx = £4 and ¢, = (1/2e,)ngd® at x = 0. Then Answers to

1) = (B2 ). Let ¢ U) Some Problems
1

g - 2d2
250 i

Let d = Ap; then

1 KTe, 1
& =—ng? =—KT =F
QGan ng” 2 A

k- for a one-dimensional Maxwellian distribution. Hence, if 4 > Ap, € > E,y. If
. the velocities are distributed in three dimensions, we have Eav=2KT and
i ¢ > 1E,. The factor 3 is not important here. The point is that a thermal particle
would not have enough energy to go very far in a plasma (d » Ap) if the charge
of oné species is not neutralized by another species.

1.7. (@) Ap = 7400(2/10'%"2 = 10~*m, N = 4.8 X 10°.

®) Ap = 7400(0.1/10')"2 = 2.3 X 10 *m, N = 5.4 x 10*.

{c) Ap = 7400(800/10%)'* = 6.6 x 10" m, Np = 1.2 X 10",

21, E =fmvi . v = (QE/m)UQ: Ty = mu_feB.

®

: [(2)(10“)(1.6 x 107
BT gl x 10

_ (911 X 107%')(5.93 x 10%)
T (16X 10705 x 107

12
} = 5.93 % 107 m/sec

=6.75m

53

v, = (300)(1000) = 8 x 10* m/sec

_(1.B7 X 107%)(8 x 10%)
T (L6 X 1075 x 1079

= 6.26 x 10° m = 626 km

Yo

~ [(2)(103)(1‘6 x 10710
T T aerx 1077

_ (167 X 1077)(2.19 X 10°%)
© (1.6 % 1079)(5.00 x 1079

) 172
] =2.19 x 10° m/sec

=0.183m

L

_2ME _ [(2)(4)(1.67 x 10777)(3.5 X 108)(1.6 x 107'%)]*/2
T @)1.6 x 10%3)

=338%x102m




379 2-4. Letinitial energy be &y, and Lar ii
. , mor radii r
Appendix D ® Ta, aslshown. Energy at D is &, = g, + eEr,; er:;nd
at @ is & = &, — eEry. (It would be acceptable to say:
@ €12 = &y £ eEF; here.) Also vi, =928, o/ M. We .
® asked to make the approximation ' e
- My, _M (2%1.2) 1/2
I | ' eB eB\ M
!
| 5 : —_1_(2%"’) l/2(1 +E )”2
= — —r
: : 'Qt M g[) e
I E— |
| | I For small E, expand the square root in a Taylor series:
! | Tz r | I rogN 2
| I g = — 28, 1x1E,
Q\M 2%, '
1 /9% /2 1/29-1
am (22 T £ 1 287
Q\M 2% 0 \M

=L(2_f§’3)”2[1i££1 28\
o\m wunc(ﬁ) ]

Lokl (%)_ 2eE
€ QI\M/) MQ2

Thus

L~ To

independent of €,. The guiding center moves a distance 2(r; — 72) in a time 27/02,,
50
4¢E 1 2E E
e = — Qc 2 = — = — = -
Uwe = AN e/ 2m) = e = BT
Thus the guiding center drift is independent of the ion energy %,. The factor
2/m would be 1 if we did not make the crude approximation.

2-5. (a)
n=mnye* T - ¢ =(KT,/e)In (n/ny)
g__ 3, KT.lon, KT,
or e nor e
(b)
VE = —§9 = —%9
Consider electrons;
2KTN 2 ET.m 1 1431
= (5 o kel = SRR




ow, r. = mv,[eB, so for a distribution of velocities we must find an average 7,. 373
ince 7, contains two degrees of freedom, we have Answers to
Some Problems

gmul = 2 X KT,
‘The most convenient average is

(UJ)rms = (2KT,/TTL)”2 =V

Using this for v, in 7;, we have

so that [vg] = v, implies r, = 24,

(c) If we take ions instead of electrons, we have v = QKT/M) 2=y, 1, =
Ulifw:is and

1 (QKT,)(M) U T, vaiv s T,
T;

ol = 5 (BT (2 = L Levaras

17,
2\ M NeB) T, w; 2T, 0
If Jog| = v, 1t s still true that #,; = 2A provided that T; = T..

2.6, (a)

—#2/q2

e/ KT,

n = ngexp (e —1y=nge

e

ry=e"~1

KT,
¢ 0 KT, 2r _.,0
E=—V¢=—¢r Ef(r)=—£=——~—:e“’“
or ar e a
dE, T, 272 y 21
_ﬂ=2K2 (1_%)3**/“‘:0 r_2=_
dr ea a 2

—19y
Epp= 5L 2 e _QAASXI0T) o e (o N
ea V2 (1.6 X 107)(.01) C
= 1700 V/m
E. A Eowx 17
Vg =—— VEmax=HB_=E=8500m/SGC

(b} Compare the force Mg with the force ¢E for an ion, (mg for an
electron  would be 1836 times smaller.) g =9.80m/sec®. Mg=
(39)(1.67 X 1077)(9.80) = 6.38 X 107 N, ¢E, = (1.6 X 107'%(17) = 2.75 X
107" N = 4 x 10° Mg, Hence gravitational drift 4 million times smailer.
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Mu,
eB

Y =

=10"%m

v, = QKT/M)"? = [MM] e

(39)(1.67 x 1077
= 9.9 % 10* m/sec

_ (39)(1.67 X 1077)(9.9 x 10%)

0T 6X1075 =4.00x 1072 T
2.8.
_ ¢ _03x10™
r® (r/R)?
1 BXVB| 1 |vB
Uyg = §UJ.rL T =§UTL F
(a)
aB . c. 5 VB| 3
VB=—¢f=-3—¢f=2R(-¢ —==
o it rB( r) B ;
1 1v] 19KT/m KT
Ty S — = = -——
9 2w, 2 eB/m eB
_(8X 10N KTy 1 (KT).y
16x10" g~ B
0.3 % 10~
Blr=»5R)=——3 —=24x107T

5R = (5){(4000 mile)(1.6 km/mile)(10° m/km) = 3.2 X 10" m
(KT)CV
2.4 %1077

Tons;: KT =1eV vyp = .39 m/sec
Electrons: KT =% x 10% eV vog = 1.17 x 10" m/sec

{(b) lons: westward; electrons: eastward.

veg = 10% = 0.3 KT).v m/sec

(c) 277 = (6.28)(8.2% 107) = 2.0 % 10%m

_ 2 (2.0x10%

= 1.7% 10" sec = 4.8 hr
ves (117 % 10%) se¢

¢

(d)
i = neveg neglect ions

= (107)(1.6 X 107'®)(1.17 x i0%) = 1.87 X 107® A/m?




9.9, (a) v =0, since the electron gains no 375
¥ nergy in the parallel () direction. Since the Answers to
Electron starts at rest with no thermal energy, Some Problems
it will come back to rest after one cycle.
fricnce, the orbit has sharp cusps instead o'f
Eloops. It is clear that the vy drift must domi- ExB T
Eate, since the electron starts to the left, and
Fihe Lorentz force makes it move upwards. BxVB 1

: ) In cylindrical geometry, ¢ = A Inr + B.
g Since

E 501077 =460 V and ¢(0.1 m)=0,

460=AIn(10%+ B
0=AIn(.1)+B B=-An(0.1)

460 =A I (107 - A In (0.1)

= A In(0.01) A = 460/1n (0.01)

460 In (0.17)
¢ = In 100

m[ln r —1In (0.1)] = 460

4

g =% _ —460 (- )(—0.1) _ 460/r V

ar In100\0.1/\ 22 / Ini100m

460 1%
= =10*— =10"2
@e)n 0 - atr m

_IA)10* 500 x 107

5 50 (B)1)

=0.01T

10* V/em

= = 10®
ozl = |£/B| = 10 00l T

= 10° m/sec

o estimate the VB drift, we must find v, in the frame moving with the guiding
nter. Remember that in deriving ves, v, was taken as the velocity in the
undisturbed circular orbit. Here, the latter is moving with velocity vy, so that it
es not look circular in the lab frame, Nonetheless, it can still be decomposed
into 2 circular motion with velocity v, plus an £ X B drift of the guiding center.
Consider the z component of velocity (along the wire). At point (D) on the orbit,
v: = Vg + v coswt = (), where cos wt = —1, its maximum negative value; hence,
{ve =v,. The same result can be obtained by considering that at point (@
£, = vp + v, (cos w.t = 1). The energy there, {(mv?}, must equal the energy gained
in falling a distance 2r, in an electric feld. Thus

muy,
eB

%m(vg +0,)*0reE = ek

= vaj_l—g- = muv g

v+ 20,05 + 02 = dv, v, @e—v)'=0 wz=uv,
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Now we can calculate Uva:

2 -
von _1lvi|va 0. _#8_(16x1p 9)(1079)
2w 1B m

911 x 107
= 1.76 x 10° Sng]

—4
@:I_(.__I)IL=_§ I_V_BI.__I()Em—l
T B

ar r?

lvg 1 10

=‘——=—_—= 4
T S w, 218x10° - 28X 10" m/sec

This amounts to a slowing down of the ve drift due to a distortion of the orbit
into a hairpin shape & because of the change in Larmor radius, The undisturbed
orbit is the path taken by the valve on a bicycle wheel as it rolls along:

O™

Finally, we note that the finite Larmor radius correction to v is negligible:

Il . E 1:/2F
Spfgr 2L B
1" ETi g

_(9.11x107%)(10%

=57%x10™"
(16X 10" Py0.01) ~ o7 ¥ 107" m
1 2
r=10"m - = t—(.08%
4r

2-12. Let all velocities refer to the midplane, and let subscripts ¢ and £ refer to
initial and final states (before and after acceleration).

(@) Given: R, =5, y,, = vy since 4 Is conserved, Vir=vy;, and only vy will

increase. It will increase until the pitch angle ¢ reaches the loss cone:

vi; 1 1
'Uif + U;ir 1 + Uﬁ[/vi; Rm 5

sin @, =

Hence vj/v, = 4, vy, = 20, Energy is

Ep =M (v +v3) = $M@d + D)o, = Smo?,
= M@l + v =IM(1 + Dok = Mo,
v Ey=23E = (25)(1) = 2.5 keV




(b) (1) Let particle have vy > 0 and hit pis- Vo
ton moving at velocity v,, <0. In the frame of

the priston, the particle bounces elasticaily and -—
comes off with its initial velocity, but in the

. opposite direction, Let ' refer to the frame

" of the piston, Initial and final velocities in

- this frame are

e D
e —— e

VT U= Un V)= —(tg— vn)
3 (Note: v,, is negative.) Transforming back to lab frame,
Uy = U}+Um = _U0+2Um

Since v is negative, the change in velocity is 2lv..]. QED
{2) At each bounce, the change in momentum is Apy = 2mlu,[. If N is the
number of bounces, py = p; + NAp. Thus

Vir — U 2v.; ~ vy _ l Vi

ty — P
N= = =
Ap 2v,, 2v,, 2 vm

E, = Mvl; = 1keV = (10°)(1.6 X 107'%) = 1.6 x 1077

I-6 b4 10*16 1/2 .
= = . x
i (1.67 X 10*2"') 31X 10%m/sec

ligible:

Um = 10° m/sec

_1ex10)

s N T

= 15 bounces

(3) Average vyis

T =glop +vy) = v, + 2v.;)

=%’U’J_i=4.6x105
L=10"%m
' === ) g0 0
7 dexipp 02X 107sec
(=10y)

However, L changes during this time by a distance
AL = 2v,t = (2)(10"(3.2 X 10% = 6.4 x 102 m

$0 that actual time is more like 2.5 x 10° sec. Since only factor-of-two accuracy

is required, it is not necessary to sum the series—the above answer of 3.9 x 10° sec
k- will do.

877
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2-13. (a) [wydds = vl = constant . L + wl =0

b
ﬂi_ﬁl T T
) 7 ) T L(L)

T_‘__Afjiﬁ 2vi—vy; L _ 2 1pv=
7 L 52v.i +vy) %, 3 2% 10*

=3.3 X 10%sec

2-14. As B increases, Maxwell's equation VX E = —R predicts an f-
induced E-field has a component along v and accelerates the par
increases slowly and adiabatically, £ will be small; but the integrated
many Larmor periods will be finite. The invariance of
the energy increases without doing this integration,

field. This
ticle. If B
effect over
# allows us to calculate

3-1. 80/6 +V - j = 0, where j = j» = (o/B)E. Hence, ¢ = —y . [p/B)E). The
time derivative of Poisson's equation is V- E = g/,

. 1 I - 4 .
CV B (o) V(142 i
V-E (eo) i )E togi)E=0

Assuming the dielectric constant e to be constant in time, we have V- =
V: (eE) = 0. By comparison, € = 1 +p/le,B2

3-2,

nM~&f ne® M? M

€=1+ == =
eB® Q! M °B? €.B*

Trueife » 1.
3-3. Take divergence of Egs. {3-56] and [3-58];

V- (VXE)=-V-B=0 - 5(V-B)=O

“ VB =0ifitis initially zero. This is Eq. [3-57],
V' E

2
4

VAVXB) =0=pu,[q:V- (;v;) +4,V - (r.v.)} +

from Eq. [3-60], ¥ - (n;v;) = —4i;, V- (n,v.) = —1i,
V-E

z =0

W wo{—aqir; — qan.) + P
9

1
[V CE = —(ng +n,q.] =0
at €y

I£[ = O initially, V - E = (1 J€a)(ngs + n.q,). This is Eq. [3-55].
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B x Vn KT ne. Answers lo

i =(KT; +KT,)——«— . BL Some Problems

Since KT «C e and E o€ —¢/L, KT/eL € E .. jp < neE/B < nev, since E/B = up.

3-5. Let jp be constant in the box of width L. An = n'L, |J5| = |Anev,| = |n'Lev,:
from the difference between the currents on the two walls. This current Jp is
over a box of width L, so the equivalent current density is

o] = [fol/L = |n'ev,]

Equation [3-69] gives |fp| = [KTVn/B| = |KTn'/B|; hence, once v, is chosen so
the two formulas agree for one value of L, they agree for all L, since L cancels
I out.

-ﬁeld ThlS
rticle. If B,
effect over
0 calculate -

$-6. (a)

_ YKT,£xVn
3%E]. Th T8 a
. e )
Isothermal means y = 1.
an ne2x
Vn=f—=— %
" xax a’ *

eV:D=

(b)

(€} vp. = (2)/(0.2)A

nl

_ (2no/a®)(e/2) 1/0.04.

A=

=33.3m™"

no(l —a%/4a®)  3/4
vp. = (10)(33.3) = 333 m/sec

n




380 (a)
e~ KT,9r,

Appendix D
E=—67r=Trﬁr
EXB__E. AKT.%
R -

Vpe = — ent B n B 3
- ﬁﬁKTfi(‘_F) _pKT2r
eB ar\ ri eB ri T Ve QED

VD, Vpi, OF

(b) From (a), the rotation frequency is constant whether we take Ve,
any combination thereof, since w = v4/r and v, oC 1,

i (¢) In lab frame,
v =vy +ve =05vp, +(—vp,)

1
= T9Vp.

3-8. (a)
(KT, + KT; _
ip = ne(vp; — vp.) = —Bw- gge w2
To
(b)
. (10"9(0.5)(1.6 x 10719 5
= =0.147 A
o = G apon@ e 147 A/m
Gr:

ip = neflup.} + lopil)

(KT 2r (0.25)2r T
|#pe] = [t B 0dr? 2 2 m/sec

Usinge = 1.6 X 107°C, e = 2.718,
re”! A
= 0047

jo = (10"%)(L.6 x 107" (2)(1.25)




entirely by ions.

3-9.

¥De, Yoi, or

B, ..

.

Io =
Ijn'ds:

Bty

B

4-1. (a) Solve for ¢1:

(B = Bo) and one leg far away, where B =
Bo. Since jp is in the —0 direction, we can
choose the direction of integration dL as 'S-]—) odg
| shown, so that j, - S is positive. There is no

i;B'dL=(Bm—BD)L

no(KT; +KT,)J"j‘°°

$1

(c} Since v, =vg +vp, =vg —vg =0 in the lab frame, the current is carried

V X B = tojo Z.B
J(VXB)-dS=py[jp-dS
$B-dL = pofijo-dS C])
Choose a loop with one leg along the axis Bo daL,

_§MET: + KT,) or
B

3

—r27,2
e Iy dr e

4 Y0

B

Lno{KT; + KT,)[ _,2,,0] *  2Ln KT
=] —¢ = —
o]

where T, = T;. In this integral, we have approximated B(r) by B, since B is
not greatly changed by such a small 7. Thus,

AB = By By = o 2KT
B
_ 2(47 x 1077)(10"%)(0.25)(1.6 X 107'%)
0.4

=25x107°T

_KT.n, ew+ia Xco*—-z'a

e now*+is w*—ia

_ KT, wo* +a®+ig(w* - w) n,

[ w0 +at o

381
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If n, is real,

Im(d) al@*—w)
Re(dh)) T we*+a® tan 8

Hence,
_ [alw® —w)
§ =tan l[ww*+a2]

(b) ny =7, "7, while ¢y = An, " ", where A is a positive constant. For
@ < @*, we have § > 0. Let the phase of n, be 0 at (xo, t,): kxo~ wio = 0, If g
and % are positive and x, is fixed, then the phase of ¢, is 0 at kxg—wt +§ =@
or ¢ > f,. Hence &, lags n, in time. If {5 is fixed, kx —wio+ 6 =0 at x < %o, 50 &,
lags n, in space also (since w/k > 0 and the wave moves to the right, the leading
wave is at larger x). If £ <0 and @ > 0, the phase of ¢, would be 0 at x > x,:
but since the wave now moves to the left, ¢, still lags = ;.

4-2,
. 1
thE, = —e(ny; — na)
€y
—twmy,, = —ek; (electrons)
—twMuy;, = ek, (ions)
—iwn,; = —thkngv,, (electrons)
—itwn;, = —itkngv;, (tons)

k —i k ]
R,y Z*na(ﬁ)El ni1 =—ﬂo(i)E1
o

@ me Mo

e (1 1 ik
iRE, =liﬂoz(—+;)ﬁ'l :L&(Qﬁ"'wﬁ)

0w @ \M

w®=(w; +0})

2
(4]

4-3. Find ¢, E,, and v, in terms of n;:

Eq.[4-22): v, = 24

=|E
2

[}

Fq.[4-23]: E = ——n,
€k

Q

But E[ = _'l‘:kqb[,

€

2
€0k

Loy =—

n

Hence, E, is 90° out of phase with #n;; ¢ is 180° out of phase; and v, is either
in phase or 180° out of phase, depending on the sign of w/k. In (a), E, 1s found




from the slope of the ¢, curve, since E, = —d¢,/éx. In (b), E,/n, oC i X sgn (k)
s =xwf2 I wlk >0,

E X expilks ot £a/2)
the * standing for the sign of . Hence, E, leads n, by 90°. Oppostte if w/# < 0.
(a) {b} {c)

n1\ /

onstant. For

N N A
~—~

S
#o=0.If o 7
X < Xp, 50 Py ¢1 TN
» the leadin; | N L~ N L N
“Qatx >x0;
—E;
20

v1W k \ / o~

[ 44
4 1 1 & L k=i
A ikEl=__en1:__en()—ﬂ:[:"“—'ﬂno—(_ze‘)El
4 €9 € W € @ \me
b3 2
1 ik(l - T 2)El =0 or v-( —“’—Q)El =0
€yMmw w
A P3
i wp
. =12t
9 € w?
L 46 @
: mug(—iw)v, = —en E —mnyrv,
U:(l + z) = —ie‘EE
@ mar
. 1 N
HE, = ——en, n, = —ngv, (continuity)
€y «

1 k& 4 Tl
E, = ——e—n, zeEl(l +1—V)

€ @
v, is either

- 2 iv s 9,y
E, is found cu(1+; =w; w” +ive =w,

383
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384 ) (b) Letw = x + iy. Then the dispersion relation is x* — 3% + 2¢xy + jpx — vy = g2
Appendix D We need the imaginary part: 2xy +ox =0, y =(=1/2)v .. Im(e)= "fo;-
Sincex = Re (w), » > 0, and ’

E[ xg"iwl = e—iwley( — e—ix!e*(l.;'?)ut

the oscillation is damped in time.
4-7. mag(—iw)v, = engE; — eno(vy X Bo). Take B, in the  direction and E, and k
in the % direction. Then the y-component is

. Uy . o
—twmu, = ev, By — ==
Uy W,
Since @ = @, > w,, |v./v,| > 1; and the orbit is elongated in the % direction, which
is the direction of k.

4-8. (a)
1 N .
V'E1=—_ETL1 k=k,x+k,z Ey=ky=0
€y
. 1
t(hE, + BE)=—-—en,
€9
We need n;:
3n1 . .
o +ngV v, =0 —ijwn, + nei kv, T hv,)=0
We need v,, v.:
Muy(—iw)v, = —enoE| — engl{vi X By)
ie tw,
x-component: v, =——E, ——u,
Mmew @
1w,
y-component: v, =0+-—u,
- a _2 2y -1
vy = — B4 Ly, = — x(l —“’—;)
me @ me @
ie
z-component: v, = ——UF,
me
ng { —ie w ™!
Continuity: n; = — (—)[k,E,(l - —;) + k‘El]
@ \Mm @
eng { —ie wi !
RE, +hE =i— (—) [k,E,(l - —2) + k;E,]
o \MMw «

k. =ksin @ k., =kcost

2 2

@y

-1
. E,sin® @ + kE, cos* 0 =—[kE1 sin® 9(1 —:’—;) + kE, cos” 6]

m2




= -2,

& and k

n, which

2 2, -1 385
] = w_; [sin2 0(1 - m_2) + cos® 9] Answers lo
Some Problems

2 2
W, w
l——;=—;[l—c0528+(1—-—2)cos26]
2 2
@
mg—-mf—w§=— f’2 cos? @
wlw' —wi)+wiwlcosd =0 QED

(b)
w* —win®+win? cos’8 =0
9w®=w}i £ (wi ~dwiw? cos® 9)"*
For 6 - 0, cos?8 — 1,

207 = 0f  [(03 + %) — dole ]2

I

w?, + mf + (wﬁ —wf)
0? = 0} 0
Thew = w, rootis the usual Langmuir oscillation. The @ = o, rootisspurious
because at 8 » 0, By does not enter the problem. For 8 - 7/2, cos2_8 =0,
20° = wj * 0}, @ =0, w,. The o = w;, root is the usual upper hybrid oscillation.
The @ =0 root has no physical meaning, since on oscillating perturbation
was assumed.

(c)
0 —win®+iw: =jwi — elw? cos® @
(wi—swi)+ {0y, cos ) = (3w, )*
2
(3 — 1)2+:—2= 1 QED
(d)
wﬂ/wc a = é(w:/w# + w#/wc)
1 1
2 5/4
0 o0
Y&
o0 Y= 20)2/“%
2 - T
) 2‘:-'—-—-—mp/wc or wg/wp
LK |
|
|
S x|
2
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(e

0’ =jw; +wl) £ [(@; + 0l - dojo! cos’ ]'*
Lower root: Take (=) sign; @ is maximum when cos® @ is maximum (= D). Thus

2 1 4
ol <g(o; +ol) —|o} —e?]

— z H
=w, ifw, > w,

2 -
= wj if w, > o,

ngper 2root:.Take .(+) 'si‘gn; w is maxin;um when cos®0 =0, ©® = w? Thus
w? < w}. This root is minimum when cos” ¢ = 1; thus

wi >il{w: +el) +|m§ —u)‘,fl]
=wj if w, > w,

= o? if w, > w,

4.10, Use V,, N, for proton velocity and density
V., N. for antiprotons
v.., n_ for electrons
U4, M, fOr positrons

(a)

VXxE=-B VXB=puj+ VxVxE=—(,u0j+F)
[

P
—(kxkxXE)= *[#unoe’(\h —v)- (:—ZEJ

= k°E — k(k /E)

. 1
(w* — c"kPE = —npe (v, — V)
€o

. e
mngvy = zenyE .=t —E
m

\ 1 .
w?— = mnuei(l +1) = 2w}
€y m

w® = 2w} + c%%°

(Or the 2 can be incorporated into the definition of w,.)




2% Thus

by V' E =(1/e)(N. —N_+n,—n), where n,=nee ¥5T, n_=
noe™ T Let T, =T.=T, n.= Fnged/KT, Note: Noo = ng. = g, "

?‘FNO*V'V*:O N1¢=N0=:0'V¢=n0;vi
M(—iw)V. = 2eE, = ikeg (M.=M_=M)
koe¢ k noedh
= 4 —_—— :l:=
Vs w M M w? M
2 2
o e [k k )noeqﬁ
. = = — —-+ —
V-E ¢ eu(cu2 w? M eo( flo™ nD)KT,
_ mee” 247 nge® ( 2k2 1)
_ 9 NV ——
i EuM (!}2 ¢ ng ¢ 2¢ AED
k2 2
k?,\§,+2~r2—02,\2 =%v? b2 =i
w M
@' 207 iH N =(kT,eo)"2
R 24875 14 (1/20423 PN\ nee®
4-11.
" k 2k2 2
n=:% 0’ =wl+ %2 %g=l—w—’2’=e

4-12. In V X B = gy, j; is the current carried by electrons only, since Cl” ions
are too heavy to move appreciably in response to a signal at microwave frequen-
cies. Hence,

f1 = —ngev, = —(1 — K )Ngev,;

If w, is defined with n, (i.e., wi = nee®/egm), the dispersion relation becomes

2; 2 2

w
2 =1—(1~K)w—;

Cutoff occurs for f = (1 — «)'/2f, = (0.4)"*(9)(ny)""?, where

_gx 1010

=110
3 0

e

Thus

1010 2
=|———| =3.1x10®m
o [(0.63)(9)] 0"m
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4-13. (a) Method 1: Let N = No. of wavelengths in length L. = 0.08 m, N, = N
of wavelengths in absence of plasma. ¢ o

N=— Ny=—
A 7 A k
L Ltk L L w( wE)”Q

AN=N,—-N=——-—=—— " —
¢ Ao 27 Ay 2w ¢ !

2
W

L L A:E—W ck (1—“’5)”2

w2

w 1 L[ ( wﬁ)”ﬂ]

— =" o AN==|1-{1-" =
9me Ay o 1= 0.1
L _0.08 o

Ao 0.008

2 1/2
wy —2 fg -
( o 0 1 r I-(2x107%

2
fr=f%2x 10‘2=(Ai) 2% 1072 =28x 10"

o}

2.8 x 10"
n=——

oF - 45x 107 m™

Method 2; Let by, = free-space . The phase shift is

L
Ad =J Akdx = (ke — k)L = (0.1)27r
{0

This leads to the same answer.

(b) From above, AN is small if w3/w® is small; hence expand square root:

L 1 wp L 1w

4-14, From Eq. [4-101a], we have for the X-wave

2
Wl
(@?— w})E, +i——E, =0
(7]

At resonance, w =y, .. E, =0, E= E% Since k= k%, E|k, and the wave is
longitudinal and electrostatic.
4-15. Since w} = w: + w3, clearly w, < wy. Further,
wp = o, + (@7 + 4&)3)”2] i
< -w, + (@2 + dww, + 4cu§)”2]

=i—w, + (@, +20,)] =@, - oL <o,
Also,

wr = Yo, + (! +403)'%1> o,




and 3 89 [
Amnswers to :

No.
0k ~wgw. —wy =0 (Eq. [4-107D Some Problems

N — 2 2 2 __ 2
. wi—wgw,+w,,>wc+w,,—m;.

4-17. (a) Multiply Eq. [4-112b] by i and add to Eq. [4-112a):

(@ - c*h® — a)(Ex +iE,) + a%(E, +iE)=0

Now subtract from Eq. [4-112a]:

(@ — c%k? — @) (Ex — iE,) a%(Ex —iE)=0

Flw)=w® -k —a(l +o/o)

Gle)=w? -k —a(l —o./w)

@y
* U —we?
2 2 2k2
Flo)= 2(1_.&/&._6__)
wy=o l—wfo ©f
2 2 21 B
-l __“’ﬂ__i.k_)
Glw) m(l 1+wjo o

From Egs. [4-116] and [4-117],
F(w) = 0 for the R wave and
G(w) = 0 for the L wave

(b} E. = —iE, .. E,=iE. LetE, = ftzye ™. Then

—dwt+i(mf2) — f(z) e#i[ml—(rr/E)]

E, =fYie ™ =f@)e
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E, lags E, by 90°. Hence E rotates counterclockwise on this diagram. This is the
same way electrons gyrate in order to create a clockwise current and generate
a B-field opposite to By. For the L. wave, F, = —{E, so that

E, = f(z)e "™ and E, leads E, by 90°.

(c) ForanR-wave, E, = iE,. Thespace dependenceis E, = f(t) e™ E, = f(tYie™ =
F(8) e“**™'® For k > 0, E, leads E, (has the same phase at smaller z). For £ <,
E, lags E, (has the same phase at larger z).

4.19.
52k2=1_ wﬁ/")Q 2,72 _ | _ “’3/"—’9
w? l ~wfow ¢ | -w/w
_ d‘U.g, .
. 4 (—2)U¢SE= i(we ie (20 —w) =0
2w —w, = w =y,
Atw = o,
¢® Wy der}
3 el e T T




This is the 4-20. 391
1 generate ] Answers lo
ﬁ= _ wp/w® 2B = @l — wwy Some Problems
w? | —w/w w —w,
fltYi e = 2 _ w-w)-w ,
For k <0, 2k dk = 2w dw @ —o) » dw
2
@
= 4
[2(0 (w — w,)g] do
do _ ke _ ke? i o <
di w+wwi/2o —w,)* T + @i/ 2w, o< o

2 /2 2, 1/2

@ @

ck=(m2——?—-—) =(w2+—’) ifw « .
i-ow/o w,

de (@®+ wwifo)'? (1 + wifwe)'?
. —=c =c
dk ® + whf 2w, 1+ wh/ 200,

To prove the required result, one must also assume v3 « ¢, as is true for
whistlers, so that w}/we, « 1 {from line 1). Hence

de ww) ? va
a QC(TE) o
4.21,

1
{w?—c*RHE, = ;—imjl (Eq. [4-81])

[#]
i1 = nee(v, —v,) (v, is the positron velocity)

From the equation of motion,

o @ = WE, = (- S i) 22)a + pe(1-22)

o e
8 _ 2w’

1-wlfw® ™™
the E, term canceling out. Similarly,

22
Wy E

(a)z_Cng)Ey = ——--—-——-1 _mf/mﬂ 5
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the E, term cancelling out. Both equations give

252
c’k _ 2w}
2 © — o

The R and L. waves are degenerate and have the same phase velocities—hence
no Faraday rotation.

4-22. Since the phase difference between the R and L waves is twice the angle
of rotation,

I
J (kL_kR)dZ =T
0

oifa’ )"

ko =k (1~
RL ¢ lte/ow

To get a simple expression for &, — kg, we wish to expand the square root. Let
us assume we can, and then check later for consistency:

1 mf/wg)
k. = ko(l 21 +w/w
1 w? 1 1
R S S
b = ke 2w\l ~w /o 1+ w/w

_lk w_g___2w‘/w
- a

2wl —wlw®

2
3 1 3

m= L~k = hL=EE ey k=2
2 _ T 9 9 2=Lf2”‘f§
Wy Lo, {w W} fl: of  f,

f. = 2.8 10"(0.1) Hz

3% 10°

f=)li0=8—)—<—mf_,,=3.75x10‘°Hz

P (3 X 10 (1.41 % 10** — 7.8 10'%

2T @) 28%10°

=7.5x%x 10" =6%
n=93x%x10"m>®
To justify expansion, note that f; « f, so that

wpfe’ fi_ 75x10° ooy
lxw/o 2 BI5x100°

4.24. 12.7°,

4t
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4.25. (a) The X-wave cutoff frequencies are given by Eq. (4-107). Thus, 395

Answers to

2 Some Problems
o dne

wy=wwxae)=

e
4qre®

(w +w.)

MNex =

We choose the (+) sign, corresponding to the L cutoff, because that gives the
higher density.

b)

The left branch is the one that has a cutoff at © = w,. One might worry that
this branch is inaccessible if the wave is sent in from outside the plasma. However,
if @ is kept less than w,, the stopband between w, and wy is avoided completely.

4-28. (a)
f, = 9vVn = (9)(10™)* = 2.85 X 10° Hz
f.=28GHz/T = (2.8 x 10" x (107 = 2.8 x 10° Hz
f=16X10°Hz - wfo>1  wfo>1
o = -0, + @2 + 401" = ¥-o. +V50,)

= 0.62w, form, = w,

fo=(062)28x105%=173x10°>f
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Also, f> all ion frequencies.

Wg
¢ ®
here, on low-frequency side of [,
cutoff and cyclotron resonance
1

-
IS
[ Sl

g

{b) The R-wave (whistler mode) is the only wave that propagates here.

4-29. (a)
B 1
(ponM)  [(1.26 X 107%)(10"%)(1.67 x 102"/
= 6.9 X 10°m/sec
eB (1.6 % 107'%(1) ;
== =g hgx |
M (187x107) 8% 107rad/sec
w =010, = 9.58 X 10° rad/sec
w =hkvy = Qua/A
IfA = 2L,
s w(6.9x 10%
=—t=""""_"'_ 9094
L= = 9sgxior ~2%m
(b)

L Cvfw oCus/Q, o BrMYy 28 7'M o (M/n)?

133 1/2 1019 172
L=(2.26)(—1—) (1013) =82m

This is why Alfvén waves cannot be studied in {J-machines, regardless of B.




of I,
ince

fB

395

4-30.
: s 3. o8 _ Answers to
(a) w® = w, +ck 2w dew = "2k dk Some Problems
v, = dwfdh = c*kjw
%= (1 _.w_?,) 1/2
@ w®
(02 142 1(02
.'.vg=c(1—w—§) zc(l—gw—z) forw®» e}
ud = t=xfv,
e
do ¢ 2 w® w® ¢ @®
| d __cf
dt x fp
(b)

=19%10"m

X

_ f(_ d_f) T _@x 1098 x 107’
o\ dt (9)%(2 % 10%)(5 x 10%

=(1.9x% 10™)(3 x 10'%™" = 63 parsec
4.31. (a) Letny’ =(1 —emo, n§ =eny, n, = noed/kT,

. 1
Poisson: hE, = k¢ = E—e(nﬂ” +2® —n,)
0

{Assume z,, = 1, since the ion charge is not explicitly specified.)

¢H )

.. k
Continuity: 2{" = (1 ~ e)ny—vi?, n® =
@

k 2
= €Ny
[

2

2) (Eq. [4-681)

. . ; e k
Equation of motion: v}’ = — —¢(1 -
ﬁl,- w 41}

NPETRNLA P i"fi( __t)
s kg eu[(l E)n°w2M11 o

k® 2\ o
+ en(,? Mig(l - w;) - ngk%] ¢ = 0 (plasma approximation)

k%Y k%02,
1=(1 —-e)wE_nfl-’rewg_ X &

{b) There are two roots, one near o = {}.; and one near @ = {3.y., If € = 0, the
root near ., approaches (1.2 to keep the last term finite. The usual root, near
Q.,, is shifted by the presence of the M, species:

2 2

w ~0
g 2 _ 2.2 2,2 2.2 €l
w — 05, =k"vh —e[lz v — & ﬂjg’-“é_"‘_‘"?]
w”— 075




396
Appendix D

In the last term, we may approximate w? by (% + £%?2,. Thus,
. ; T .
w? = Q2 + k%%, +E[T"2—2—1] 22,
ncl LT
(c)
_l 2030 1 kEUsT
2w'-wlh 2e’-0%
vip = KT,/Mp = (10*){1.6 x 107"9)/(2)(1.67 X 1072y = 4,79 x 10"
vir=%% =3.19 x 10"

Q.5 = eB/Mp = (1.6 x 107")(5)/(2)(1.67 x 1072") = 2.40 x 10°

1

Qor = ;ch =160x10° k& =100m™

(@® — Qi) e’ - 08 = #[vh(e® — Q%) + o2 (@? - O]
@' = 0" [Qd + Ol + #* (3 + vin)]
+ Q500+ sk (05 05+ 502 = 0
@~ w8.32 X 10'° + 3,99 X 10"+ 1.47 X 10* + 1.53 x 10** = ()
0?—8.72x 10%* + 1.63 % 10** = 0
w? = §[8.72 x 10" = (7.60 x 10** — 6.52 x 10°%)V/%]
=6.0x10"%, 272 x10'C
w =245 165x10°sec”’  f=3%9and 26.8 MHz

4-32,

1
Z= ng<—mvf> v, = _LE
2 itmw

2
€

o Av?) = ——(E”

(vt) meQ( )
1 e? exw 2 {E®)
e e

Butw’®=w) .. & =se{ED.

4-53.
& ='ﬂu(%MU?> U =EI/BQ
5 & = iMno(EY)/Bo. But VX E, = —B; . (E}) = (0*/4?}B?)

Mng @®
. F(B?)-

€ =

283
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o® B (B
k% ponoM TN

wonoM  2p
4-34, (a) With the L-wave, the cutofl occurs at @ = @, 50 that one requires

w3 < ew® Since w; < @, if ny is fixed (Problem 4-15), one can go to higher values
of ng (For constant ew?) with the L-wave than with the O-wave.

{b) For the L-cutoff,

2 2

w w Egma @,
—2=1+= =" (1+—‘).
w w €

Thus, to double the usual cutoff density of e;mw?®/e?, one must have f, = f

|
3% 108

A
== =80x 10" H
f=y=six10e8 ‘
8.9 x 10"
£ =28x10°Hz/T .. BO=W=31-8T

This would be unreasonably expensive.

‘(c) The plasma has a density maximum at the center, so it behaves like a convex
Iens. Such a lens focuses if @ > 1 and defocuses if # < 1. The whistler wave
always travels with v, < ¢ (Problem 4-19),50 % = ¢/v; > 1, and the plasma focuses
this wave.

(d} The question is one of accessibility. If w < @, everywhere, the whistler wave
will propagate regardless of n,. However, if w > @,, the wave will be cut off in
regions of low density. From (b) above, we see that a field of 31.8 T is required;
this seems too large for the scheme to be practical,

4-35. The answer should come out the same as for cold plasma.

4-36. The linearized equation of motion for either species is
—iwmngv; = qro(E + vy X By) ~ vk Tikn,
Thus
—iwmnpk - v = gro(k - E + k- v; X By) — v Tk %n,.

Butk - E = 0 for transverse wave, and k - (v; X By) = —v, - (k X By) = 0 by assump-
tion. The linearized equation of continuity is

—iwn, + notk - v = 0
Substituting for k - v,, we have

im®mn, = ivh Tk n,

Thus =, 1s arbitrary, and we may take it to be 0. Then the V# term vanishes for
both ions and electrons.




398 4-44. For a given density, the highest cutof frequency is wg. Thus the lowest
Appendix D bound for n is given by @ = wp.
w; 3 W, (1.6 X 107')(86 x 107
= =1l-—=1- T = = 0.16
f w (0.91 X 10724 )(1.2 x 10%

n=fu/q" = (0.16)(1.2 X 105272 = 9.8 x 10" y~*

4-46. Let w = wg at ), where n = Ny, @y = wy; and @ = w, at 7y, where n = N,
@y = wyy. Then

wi = w?—@? [4-105)
wj =w’— ww, [4-107]
Thus
; Whe ~ @h = @0 —w.) = (15— n,)e egm
But
ny=ny=dlonfor| =~ ndfr, = (€am/e®)ew) (@ — w,)d/r,)
So

d = (&)c/ﬂ) )r()

4-47. (a) The accessible resonance is on the far side, past the density maximum,

e
w
Wr
1l
W N ‘\\
wc
i 0 1 27 2
0 r wilw

{b) Letw,, be w, at the [eft boundary, and w, be the value at the resonance layer,
where w = w,. Then we require

2
Wy > w, where w” = 2 +cu§
Thus
2 g 2 2 2
@S w: tw,  wl-el>e?

(ch + mc)(wcﬂ - wc) = 2':'-’:ch > wg

ﬂzABU> w;

2
W, B, 2w,




the lowest

e N =1y,

[4-105]
[4-107]

1aximum,

wilw?

1ce layer,

4-48. These are the upper and lower hybrid frequencies and right- and left-hand
cutoff frequencies with ion motions included. Note that w}/w. = 03/,

Resonance:
w?— (o] + ! +Q§+Qf)+w§ﬂf+w39§+w?ﬂf =0
0l =wi+Q%l-w?lo}) {upper hybrid)
w? =wll/ o or ~1—= ! +—1- {lower hybrid)
T Wt TR 0l 00, Q
Cutoff:

@ @, Q, R
i w—;=(1q:z)(1:|:;) (Lcutoff)

This is more easily obtained, without approximation, from the form given in
Problem 4-50.

5-1. (@) D, = KT./mv
o = (67)(0.53 X 107'%* =529 x 107 m*

v = (gf”) 12 _ [(2)((92‘)1(11 S >1<01_?1—)19)]

= 8.39 x 10°* m/sec

From Problem 1-1b,
o = (3.3 X 10'%)(10%) = 3.3 X 10¥* m™®
v = 100 = ngov = (3.3 X 10%)(5.29 X 1072%(8.39% 10%)

=1.46 x 10°sec™’

—19
@)1.6 X 10" ) = 2.4 % 10® m*/sec

D. = 511 x 107)(1.46 % 107)
(b) § = pneE
= DK, = (1.6(;): 3‘6‘2(5126% :;)102)
= 1.2 % 10 m*/V sec
. ; 2% 10° =1.04 x 10° V/m

ne “ 2% 10910 (1.6 % 109
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5.2,
6
“ =DV —an?
Bt
6 T\ X T\
o 0%l o)
n P ™ Y2 COSQL oL/ ™ an

-
|
|

b4
T w
— =1L1x10%m™
( L) 10”5(0 06) m

5-4. (a) From Problem 5.1a, »,, = .46 x 107 sec™!

- We need to find whether
e/, is large or small;

e MVin —-1/2
—_— = vy, = nncrr.l,- oC Uuu' oC m,‘
mi  my,,

since ¢ is approximately the same for ion-neutral and electron—neutral collisions.
Thus

1/2
K (1‘1) = (4% 1,836)""? = 85,7
i m

_eB _(L6X107'%(0.2)

m o ellx1p 52x107

. xl 10
DTy = %;ILOQ X 24 1+ w2, =580

m 1/2
Qi = wc"’cn(ﬂ)(—) = (24)(85.7)""' = 0.28
m

ﬂ'cJ. .u't 1 + ngm 8
—_— T s =857 ——=0.16« ]
Hie  p; 1+ ol -@ 7) 580

A'Dc + eDl' e
. Dul=E_J;_’LzD¢i+“J'Du

Mty My
=D,_L +016Du_
But
KT
D=—gy
€
. D;, _ i T; 1 0.1

: —=————=03
D., w.T, 016 2

D= D1+ (0.16)(0.3)] = 1.05D,, = D,




| whether

collisions,

(b)

a a\? 1
o)
o2t m=\gq) oo

1 1
T
@4x 1052 D,,

_2.4% 107

D, = 580 C 0.4140 {(from Problem 5-1)

T =42 usec

5.5.
I'=~Ddn/dx n=n¢l—x/L)
I'=Dn,/L x>0
Q = 9T = 2Dno/L . ng = QL/2D
5-7.
A = VT = Ui/ v
But vy, € TY? and p,; o« T7%/2

S eC TU?/T731'2 o T2

5.-8.
m=52x%x107° lnw/: Q-m {assume Z = 1)
(5.2 x 107°)(10) -
=—(T500)T= 4.65 x 107* Q-m
j=1/A =(2x10%/(7.5x 107% = 2.67 x 10’ A/m?
E =my; = (4.65 X 107(2.67 X 107) = 1.2 V/m
5.9, (a)

KT.=20keV KT,=10keV n=10"m>

(KT, + KT,)
- B
inA  (107%)(10)
T5/2_ (104)3/2 .

B =5T D,

n.=(2.0)(5.2 x 1079

=1.0x 107" -m
_(LOX 107(107)(3 x 10*)(1.6 x 107"
= =

= 3.0% 10 m?/sec

L
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4

(b)
anN on
E—?‘n’?‘LF, Fr__DJ'E
Z-n= ()nl r=050m L=100m
r .
dN , L )
T = @m0.50(10°)(2.0X 107°)(10%'/0.10) = 6 X 10 sec™
(c)
N nar’L 055
T —dN/dt —dN/dt Feffective — 4,20 M
10> 0.55)2(102
=( )(g)i 102():( )= 150 sec
5-13.
. _InA 10
m= 532 x 10 5T2{2 O = (52 x 10 S)W
=1.6x 10"°-m

77 = (1.6 X 107(10%* = 1.6 x 10° W/m®
= 1.6 X 10° ]/ (m*-sec)
= (1.6 X 10%/(1.6 X 107" = i0* eV/m>sec

dt
3 dE,, 3 dT,,
E=-nKT, 5, — =-n—=
2" a2 dl
e g ! 10¥ =067 x 10° v/ = 0.067eV/
” 3107 . eV/sec= 0. eV/usec |
!
5-15. (a) '
1 3]
en (g{; —vxB)-— Yiﬁi - eﬂngﬂ(via ) =0
i 0
—en (qfﬂ - UerB) - %p( + 32?127? (Uiﬂ - UeB) =0
i
add:

vy +v, B =0 Uy =0

er

{This shows ambipolar diffusion.)

{
|
|
|




(b)
8 H ¢
BTL(E,.'I'U{QB)_%—ZQRQTF( irﬁvtr)=0

d 3
—en(E, + vaB) = e+ e*n7m(vs, = vr) = 0

Y E, 1 ap: +
e = —_— Up;
¢ B enB or vE P
v E__1 9. vg +
0 = T o T T o = Up,
° B enB or BT
(¢) From the first equation in (a),
2 2
en
i Vir = B (Vig — V)
enn 1 (api ap,) n 8p
=——f— At — =_"_2‘_=U"
B enB\adr or B ar

(This shows the absence of cross-field mobility.)

5-17. (a)
dv .
Poa_tlz_]l X By
E] +V1 > B(J=‘ni|_
VXEL':_ﬁl V X B, = toj1

VXxVXE =-VxB, = —ud

Q
~k( E) + E°E, = iwpsojc
k-E=0 (transverse wave)}
Solve for v, in (2):
E XBy+ (vi XBg} X By =7j1 X By
—VILB(EJ
o =E1 xBu_‘ﬂ‘leBu
1L Bg B(g)

Substitute in (}), which has no parallel component anyway:

. E,xBy, 7, XB .
—mpo( B °— B °)=11><Bu
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0
(2

{3)

Since, by Eq. (3), E and j, are in the same direction, take them both to be in the

#-direction. Then the y-component is

E] iBu Y.
L (i, 1),
By wpo By
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Equation (3) becomes
E,(iB !
K°E, = uuiw"(z—°+ﬂ—)
o g B,
.{Bi -
= ,U.sz(_u‘—ﬂ]&)) E]
Po
2

@ (83 . )
5 = ol — — iwn
B? ¢ i)

0

)]
2 —1/2
b= (w222~ i)
Po
(!-‘upn) ”2( iwﬂpo) -
=w| 73 1—=s
Bp Bo
1/2 2
wnPo ol @' 1
(e -t
YT 2 o
But for small 5, @ = kv, where £ = Re (k)
k?
o Im ) = D
2TJA
6-4. (a)

iXxB=Vp=KTYn (KT =KT.+KT, here)
(j XB)xB=KTVn XB =B(j- B)— jB°

The parallel component is 0 = jyB% —7B? .. j; is arbitrary. The perpendicular
component is
KT KT an 4
jo=—BXVn=— —¢
T B*? " B oar

(b)

JVXB-dS=u0Ij-dS

§B-dL=;.r.(,J-j-dS=,u.uLJ Jedr
iU

since j and dS are both in the & direction, and L is the width of the loop in the
£ direction. By symmetry, there can be no B,, so only the two z-lepgs of the loop
contribute to the line integral. Substituting for j5, we have

= dn/far
(Box — Bo)L = ;LQLKTJ —/ dr
o B(r)
{¢) dn/dr = —ny 8(r — a), since dn/dr is a function that is zero everywhere except
atr = g, is —o0 there, and has an integral equal to ~n,. Thus

it S(r—a)
B, —By=psKT| —ny

dr

o B(r)
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Since all the diamagnetic current is concentrated at 7 = ¢, B takes a jump from 405
a constant value B.. inside the plasma to another constant value B, outside. Answers to
(Remember that the field inside an infinite solenoid is uniform.) Upon integrating Some Problems
across the jump, one obtains the average value of B on the two sides, i.e.,

B(a) = #(Ba + By). Thus

-1
By — Bo=poKTnor————
o7 Kok AToLE ¥ By)

B2 — B} = —2uonoKT

| Bix _ 2monoKT
B} B*

6-5. (a) By Faraday's law, V = —d®/d!

(]

B=1. B,=0

I Vdt = —NJ.@dt = —-NA®
di
Since A® is the flux change due to the diamagnetic decrease in B,
—-NAD = —NI (B—By) dS

The sign depends on which side of V is considered positive. In practice, this is
of no consequence because the oscilloscope trace can easily be inverted by using
the polarity switch.

() In Problem 6-4b, we can draw the loop so that its inner leg lies at an arbitrary

radius r rather than on the axis. We then have

_ ® anfor
B(r) By~ MOKT£ e

where again KT is short for i KT

on _ g (__Qr) e—rﬁfr?.

“ anfar’

dr' = ,u.oKT.[ dr’

r 1]

ar re
KT ng [T _n
B(ry—Bg= Fo —;’I ey gy
BO Yoo
_’.LonuKT

ey = TRk T ey
By ' Bo

This is the diamagnetic change in B at any r. To get the loop signal, we must
integrate over the plasma cross section.

J Vdt= —Nj (B—Bo)-dS = —NII [B(r)~ Bylrdrdf

where both B and dS are in the Z direction. Substituting for B(r) — B, and
assuming the coil lies well outside the plasma, we have

KT. ([ _.
J‘ Vdl= N&E’_"'D_Qﬂj‘ e /rgrdr
B, o
KT 2 i 2 K
Bo 2 By
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{(c} The quantity in parentheses is 8 by definition; hence,
Appendix D

1
j Vdt = §NmﬁﬁBo

Both sides of this equation have units of Aux.

6-6. (a) For each stream, we have

a
m(% + vy Vv.) = —¢E, = (—iw + thug)v,

v, = —ieEl
! m{w — kug)

d
$+nn(v-vl)+(vo-7)nl =0

(—iw + ‘ika)ﬂ] + ik'ﬂo!}] =0 n; =1y

_ikEle

Ry =Ry
! jm(w _kvuj)2

Poisson: thE| = (e¢/€o}(n1a + n15), where stream a has v, = voX, n6, = In; stream
b has vy, = —vX, 14, = 3ng. Thus

. e\{—theE 1)[ ang 3o ]
=—(= +
HE (ea)( m (@ —hve)® (w0 + ko)

nee® 1 [ 1 1 ]
= .= +
eom 2L(w —kvg)®  (w + k)

SRR S W
_Qw” (w — kvg)® (e + kvg)®

(b)
2 2.2
o — (@2 + 2% 3)w® + K23 (K vE ~ w2) = 0
w? = fw] + 2H%3) £ o] + 8w ktud)
Let
. Uy} :_20°
wz W:
Then

y2=1+x = (1 +4x)"?




; stream

y can be complex only if the () sign is taken. Then y is pure imaginary, and
we can lety = iy:

yi=(1+4x)"2~(1+x)

d 3
—_— = 1+4 -2 _ 1 = = —
! () = 2(1 + 4x) 1=0 x=7

Thus
Yi=(1+3)7-F=}
1 V2 Im(w) @,
7=§=T Im (w)= 9372

6-8. (a)

} i &
1= o [— 4 ———]
@ w®  (w— k)’
where 0} = nge’/eqm.

{b) This equation is the same as Eq. [6-30] except that m/M is replaced by 8,
which is also small, and that the rest frame has changed to one moving with
velocity u. The maximum growth rate does not depend on frame, as can be seen
from Fig. 6-11 by imagining ¥ to be plotted in the z direction vs. x and y; a shift
in the origin of x will not affect the pgeak. Analogy with Eq. [6-35] then gives

~ pl/3
Y max = 8 Wy

(The exact constant that should appear here is 3'/727*® = 0.69. The derivation
Of Yumaw which is difficult because the dispersion relation is cubic, and the proof
that it is independent of frame for real k are left as exercises for the advanced
student.)

6-9. (a) Since only the y component of v; and E are involved, the given relation
is easily found from Egs. [4-98(b)] and [6-23), plus continuity and Poisson’s
equation. Note that Q, is defined with n, not (1/2)n,.

(b) Leta =30¥(1 + wifwl)”', B = k*vi. Then the dispersion relation reduces to
w'—2a+ B’ +B8°~2aB =0
The dispersion w (k) is given by
wilsa+p = (a+4aB)”?
Instability occurs if (a® + 4aB)* > a + 8, 0r B <2a, ie.,
B < Qe + wifel)!

Wher :his is satisfied, the growth rate is given by

¥ =[(0® + 40B)"* — (a + BN/

407
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7-3. (a)
fp(‘U ll?g—u‘ﬂa‘z
Mo g
fb(ubﬁ” tv=11%/b%
(b)
' n _2(U—V) ey
filv) =b7rl;’r2 —‘EQ——E Com V%
Qn 20 = VT _omvyrrnn
v~V:J_rb/J2 ve =V —b/N2
1 2 Uzn e
fien=(2) Be
()
-2 b —(V—=hVD2fa2
folvg) = ”2(a )(V_W)e (V=i
2,V _egee
z_as;uze v Vb
(d)

172
2 e _ipw _ 2n,V VTR
! bt PRI

ﬂ: (28)”252\73_"2’“2 b_2 T,

- 2
Ty a a 7%
M (29”2)2 Ee—kuﬂ
T, a

7-8. From Eq. [7-127], we obtain ¥ &;Z'(¢;) = 2T/ T., where &; = nyy/ng,, & =
w/kv,,;. Assume at first that ay is small, so that a4 = 1, @y = a; furthermore,
small @ means that vy will be nearly unchanged from v, of argon. Then doubling

the Landay damping rate means Im Z'({y) = Im Z'({.), where ImZ'({;) =
~2ivVal;e o Thus

{,\8_:3 = aé‘”g—(‘?" o = é’_e_ff,«\ {u)
H
.gi = (%)1.’2 o= (40)1/2 e*‘fi(l—ll‘dﬂ)
{H MH
Is _ KT, +3KT;, M, 13
AT - = —

M, oKT, 2
a =V40¢7%0 = 1 12X 1072 ~ 1%




0es £;| =
armore,
oubling

AR

Thus « is so small that our initial assumptions are justified.

7-9. (a)

22 . l—a
= =Z{{)+ p
I e

o
Z'(¢.) +6—Z'(é'h)
h
(b)
Z) = —2—2iVmte
Since § € {, « 1,
[(ImZ'(¢)] < [Im Z'(¢)

(¢) Since Z'({y) = Z'({.) = —2), the &, term in (a} is negligible compared with the
. term if 6, » @, and a < 1/2. Now the dispersion relation is

9k 2l —a) 2T; T¢k2)
W=+ = g
2=ty T,(l Ty

The last term is =£°A} and is negligible when quasineutraility holds, Thus the
ion wave dispersion relation is the same as usual, except that T;/7T, has been
replaced by (1 —a)T;/T,. Since small T;/7T, means less Landau damping, the
hot electrons have decreased ion Landau damping.

8-3. Refer to Fig. 8-4. Take a number of ions with v = u, and split them into
two groups, one with v = ug + A and one with v = u, — A. After acceleration in
a potential ¢, the faster half will have less fractional energy gain (because it
started with more energy) and, hence, will have less fractional density decrease.
The opposite is true for the slower half, and to first order the total density
decrease is the same as if all ions had v = u,. However, there is a second-order
effect which makes the slower group dominate. This can be seen by making A
so large that v =0 for the slower half, which clearly must then suffer a huge
density decrease. To compensate for this, @, must be increased to higher than
the Bohm value.

8-4, The maximum current occurs when the space charge of decelerated ions
near grid 3 decreases the electric field to zero. Thus we can apply the Child-
Langmuir law to the region between grids 2 and 3. ’

_4 [ (2)(1.6x 10719 ] Y28 85 % 1072)(100y*? _ A
)

- . 7.9—
o9l (4)(1.67 x 1077 (107%? 2 m?®

A= %(4 X 1072 = 1.26 x 10~° m®

I=JA =034mA

8-6. (a) Atw, = w,
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—~ 10
(1.06 x 10*‘"’)2(21'9 x 1075 Answers to
Some Problems
= %67 x 10"
3 73.67 x 10'}? T. 1
BT LT P A
s \zeixi0®) ~2 =g T¥o TimgkeV
8-10. (a)
1_ 8&)10)2[‘11-‘2
2y _ 12
{(Ex)=ZE E—
ekl w: v
ClCZ_n:wlﬁ ;T w_£§
(E2) = 4o \wir noM _ 4, T wirMm
o wekl  eqw) wokte®
(v =e2(E3)=4w1F1VM
T el wokim
k?=w_?=w?M=w?UfM ) @=4F1v
v KT, m vl @
{b)
i) _4Twa
7-’3 [LRTC

since we = w, when n « n..

_ 2w _ (2m)(3 X 109

wy = T 106X10° =178 X 10" sec™
T R
c% - (g) T oy son oo % =10
= 3.40 X 1072
n=52x107° Inf‘ﬁ; = (5'2501(?);2(10) =52x 107" Q-m
- n:;:ﬂ _ (1025)(1.?0110::5_(%)2 X107 4 46 % 10° sec!

{4)(3.4 X 107%)(1.46 x 10%

2
2y = . > 13y = R x 7..“._]-_.
(va) 78 % 10" (1.76 % 10%%) = 1.96 x 1075




410 cober=360(ETY.  But  Iy=celE"=P/A, where P=10"2 and

Appendix D (/4)(50 X 107 = 1.96 x 10~ m?
P 10" N |
gy = e = :850X1 n_ !
Per = 504 = (2)(3 x 107(1.96 x 10 - |
(850 x 10")(0.2248) . Ib L
- : = 1.23 % 10°— ‘»
(39.37)° in: |
|

(b)

F=pA Pf2c = 10"/(2)3 % 10% = 1667 N !
F=Mg M = F/g = 1667/9.8 = 170 kg = 0.17 tonnes

(c)
I QH‘KT = pcl’f
8.6 x 10"
= : =266% 10" m™
S SIN6 X107 2 0% m
8-7. ‘
— . d _ nd Eu(E2>) 1
Fy=Vp ..ar(nK'T)— " 67‘( 5 :
1 on €0 3, e eolE") !
v Inn=—-—"2+1 ‘
nar 2nKT Br< ) n 2n KT fifto
n=ng 3—211(52)/2ntKT [
i
Atr =0, !
M min = Ro e“EMEQ)mm'IQHCRT = Ny e
_ EU(E(z)max .
2n KT
|
8-9. |

bo=2mfAs=27/1.06 X107 =593 x 10°m™"
B =2,=119%x10"m"’

KT,+3KT,-)”"' [(103)(1.6><10"'-’)]“’2 3\ L2
o - (KL 3KTY ™ _[UOAO 0T

M (2)(1.67 X 10°7) P

1/2
@ = Aw = kv, = (1.19 x 107(2.19 x 105)(1 +§)

/2
=2.61x 1012(1 + 2)

A_cu__% 2rc

o 0

AL

B = -2 = —
(1]

Az |

v
'
!
{
!
i




Thus,

TN (EEy M wows M

2
ol

8-14. The upper sideband has fiw, = fiwy + fiw,, so that the outgoing photon has
more energy than the original photon fw,. The lower sideband would be expecied
to be more favorable energetically, since it is an exothermic reaction, with
hl)g = ﬁOJo - ﬁ(d[.

8-18. U(£ —¢r) = 3¢ sech” [(¢/2)VX¢ —er)], where £=8"%x'—t), 7= 8%,
x'=xfAp, ' =04 6=M—1

— Ul v
=&— ¢=5U2(u_5 _’t)
§=&—«¢ ' cAD

since Apf}, = v,

1/2
{=—[x—(1+8c)ut]
Ap

The soliton has a peak at ¢ = 0. The velocity of the peak is dx/di = (1 + 8¢)v,.
By definition,

d
d—f=m, = (1+ &)y,
Le=1 So Unax =3¢ =3
From Eq. [8-111],
e max
xmax = ;T‘ = lemax SUITI:IK
[ 4¢max 121
T —— = — —= ()4
KT, Upxr 103

v = (1 + 8, = 1.4y,

v, = (KT,)m ) [M

M 1.67 % 102 ]=3.10x 1o*

¥y = 4.33 X 10" m/sec

At half maximum, sech®s =31 . a =0.8814 - Vit o ¢ =1.95=8%/Ap at
t = 0, say.

Y% =0.4=0.632

KTy\"?
Ap= ,(e“ - ) =2.35% 10" m = 0.235 mm

Rp €

 1.25Ap

x = (.46 mm FWHM = 2x = 0.93 mm

0.632
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414 8-21,

Appendix D lu) = 44" sech x| . |u]? = 16A[sechx|?
2
1
dn = fu|2(12— = —Zlul2 = —4A|sech x|*
€

8n = —4A|sechx|® = —24

dw, 16n 1
—=-—=—-(24)=-A4
w, 21 2( )

.~ A is frequency shified due to 8n.

8.22. In real units,

1 1v*
2ol (2 Lol e )
% 44" sech 3 wyt] | expy—i @ 6o @yt

j v, Ap V.
_Y 1}
3U¢ AD
1/2 2., 1/2 d
v, = (KT) —5.03% 10°m/sec @, = (”g ) = 178 x 10°24
™m €M SeC
ko) 0.3
ap=e=333x10m k=20 03 _g00 107 m
e An

Wy
M

u,, =4A'? —jwmy = —¢E = —e(—ikd) -, ¢ = e
e

Bpp = ﬁgm 1%, = (0 +3k%?)Y2 = 2.01 x 10°
€l

kedyy _k_ ey KT, 1 _ @ ePy—p

A= =
dmowv, 4o KT, m v, 4o KT,
kv, 3.2
= —=0.106
4er 2
A=1.18x%x107?
{a)

I 240\ 12 x
hX == X=1.315:(—) X
sec 3 3 .

Y2(1.815)(a. -4
(3) (1.315)(3.33 x 10 ):5-04“0_3

) 0.106

FWHM =2x =1.01x1072=10.1 mm
(b) '

101 %107
2wk

=145




412 From Problem 8-6(a):
Appendix D ml?
©
I, = ceglED = ceo—En(vﬁ)

(0.91 X 107*9%(1.78 x 10'9%(1.96 x 107
—_ 8 ]2
To= (3 X 10™(8.854 x 10” 16X 1019

w
=5.34 X 10“’W =534x10°—5
I'll
8-11. (@? + 2iyw, — 0w, + iy - 0o — 03] = eic K3,
If 02 = @}, (i, — 0g)’ = w}, and y/w, € 1, then

(2ivw )21y (@, — @o)] = J0162E5 = 4v 0,0,

From Problem 8-10,
2 22

2 4
ek,  hwge
€1z = ]
nawnM wan

V= Kiwie’E] _ Elwiogm - (2ka)* 0255
16w wowgmM  16w,0:M 16wqw,
wDQ?vo oy :@(ﬂ)lmnp
T 42 W oo, 2 \w,

8-13. (a)
du
Mnogt- = engE — v:KT:Vn — Mngrv + Fur

Mno(_'iw + V)‘U = enu(“ik¢) - 'Y;KT"?:knl + FNL

with ep/ KT, = n,/n,, this becomes

7 zFNL

w +ivYv = kvl

{ ) e Mnn
Continuity:

L
—iwn, + thngy = —iwn, + iknglw + iv) [kvfﬂ-l-z-&] =0
o Mﬂu
(w®+ive — kvDn, = thFyal /M

When FNL = 0,

1 .
a)2(1 + il) =k%? - w = kv,(l ——iz) = ky, —1y
@ 2 w 2

Hence —Imw =T = »/2. So (@ +2iTw — k%v?)n, = ikFu /M

(b)

ikﬁo(-EoEz)

2 w:
Vel EoEe) = —
wWolts

Fa=—

oty




©
Sw = Aw, = (1.13 X 107%)(1.78 x 10°) = 2 X 10 rad/sec

5f = Sw/2w = 3.2 x 10° = 3.2 MHz

8-23.

3)(3)(1.6 x 107"°
3u? _{ )(032;(1 > 10_20 ) _ 1.58 x 10" m?/sec?

(10'%(1.6 x 107"%)*
(8.824 x 107'%(0.91 x 107*%)

w3 (in) = 0.4w} (out)

_ w}fout) —w}i(in) _3.18x 10"

wh(out) =

! 2 = = (1-04
fimax 342 1.58 x 102" 0.4)
=121%x10"m™
2 s
Auin = =1.81%x107%m=181mm

_ ,orad’
- 318% 10"
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